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ACOUSTIC LINER OPTIHIM IMPEDANCE FOR SPINNING NODES 
WITH MODE Cl'T-OPP RATIO AS THE DESIGN CRITERION 


by Edward J. Rice, Aeroepace En|lnaar, 
National AeronauClca and Spact Adalnletratlon 
Lewie Reseerch Center 
Cleveland. Ohio A4I1S 


Abatract 

The theoretical optlBua acouatlc Inpedance for 
higher order aplnning nodea waa atudled In cylindri- 
cal ducta with a boundary layer at the outer edge of 
a unlforn flow. All of the propagating uodci were 
coneldered fro* highly propagating to nearly cut- 
off. An Interesting observation froa the results of 
the study was thst the aodc cut-off ratio uniquely 
deterained the optlaua wall iapcdance and aaxlaua 
possible attenuation for a given boundary layer 
thickness, Mach nuaber and frequency. For exaaple, 
the (1, 7) aode (three clrcuafercntial lobes - 
seventh radial) has nearly the aaae optlata wall re- 
sistance and reactance as the (8, 5) node if both 
node cut-off ratios are nearly the sane. The Inpll- 
cations of this phanonenon arc quits Inportant in 
noise suppressor design. Instead of rhe acoustic 
power distribution anong all of the propagating 
nodes, only the power distribution as a function of 
cut-off ratio needs to be known. This should be a 
siapler In-duct acasureaent than a conpletc nodal 
neasureaent. Also, the far field radiation pattern 
is s function of nodal cut-off ratio, and nuch 
needed inforaation for liner design can be obtained 
fron these nore easily obtained data. A correla- 
tion of the results is provided which allows the 
optiaun acoustic Inpedance to be calculated over tha 
entire cut-off ratio range for any Inlet Mach nun- 
ber, boundary layer thickness, frequency, and acoua- 
tlc node. 

Introduction 

Transverse gradients in the steady flow veloc- 
ity profile (for exanpla, a boundary layer) of an 
inlet duct have been shown to have a potentially 
large effect on the propagation of sound In the 
duct. This problea has been studied extensively 
(for exaaple, refs. 1 to 6) and a review of the 
current literature on tha subject was reported in 
reference 7. H>-vaver, only recently has auch atten- 
tion been devoted to the notion ol aaxlaua attenua- 
tion and o,.tlniai icoustlc Inpedance for duct modes 
propagating In ducts with a shsared flow (refs. 8 
and 9). Such an optlalcatlon procedure appears to 
be a natural step in the evolution of laproved 
acoustic lining design techniques. 

In reference 9 the optimum impedance was pre- 
sented for a wide range of duct modes propagating 
in ducts with a sheared steady flow near the duct 
wall. A correlating equation waa also presented 
which unified the results and provided rapid estl- 
suition of the boundary layer refraction effects on 
liner optimum inpedance. However, the results were 
limited to well-propagating modes (far above cut- 
off) which have essentially axially propagating wave 
fronts. The purpose of the work reported in this 
paper is to extend the results of reference 9 to 
Include all of the propagating modes from well- 
propagating to near cut-off (where waves travel 
transverse to the velocity gradients). Sample cal- 
culations and a correlation equation valid for any 
cut-off ratio are presented. 


A new acoustic liner design procedure bsssd 
upon nodal cut-off ratio is outllnad. Propoaad ax- 
perlaents to aubstantlate this design procedure sre 
outlined, 

Symbols 

A complex function of mode cut-off rstlo 

c speed of sound, m/ssc 

D duct dlsmster, m 

AdB sound attenuation in liner, decibels 

F boundsry layer refraction function (see 

eq. (IS)) 

f frequency. Hi 

Ij Integral function across boundary layer (see 

eq. (17)) 

i 

J, Beaael function of first kind, order a 

J index on susnation 

k u/c, m~^ 

K factor in axial wave number (see eqa, (1) 

and (2)) 

Mg axial steady flow Mach numuer - free stream 
cnlform value 

m spinning mode 1;*-^ number (circumferential 

order) 

P acoustic pressure, N/m 

p part of acoustic prsssurs which is function 

of rr.dlal coordinate (see aqs. (1) and (3)) 

R amplitude of eigenvalue a 

R|{y hardwall elgnevaluc 

Rqp( amplitude of eigenvalue at optimum impedance 
r radial coordinate, m 

rQ circular duct radius, m 

t time, sec 

X axial coordinate, m 

y distance fron the wall in the boundary 

layer, a 

y nondlaanslonal coordinate in boundary 

layer (y/«) 

0 complex radial alganvalue (a “ Rs^^) 

8 mode cut-off ratio (see eq. (11)) 

guy mode cut-off rstlo for hardwsll ducts (see 

aq. (10)) 

B dimensionless quantity (see eq. (16)) 

6 boundary layer thickness, a 

t dimensionless boundary layer thickness, B/cq 

( optimum specific acoustic Impedance with a 

boundary layer 
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Cq opclBua «p«cl(lc acoustic lapadanca with laro 
boundary layer thlcknaaa (slip flow at tha 
wall) 

n frequency paraaeter, (D/c 

e specific acoustic realocsnce 

p radial aode nuaber 

C nondlaenslonal radial coordinate, t/tq 
0 attenuation, coafflclent (see eq. (2)) 

T propagation coefficient (see eq. (2)) 

* angular coordinate, radians 

f phase of eigenvalue, degrees 

phase of coaplex function A 
X specific scrustlc reactance 

angle of aaxlaua far-fleld pressure for a aode 
u circular frequency, rad/sec 

Theoretical Hodel 

In this section the propagation theory will be 
only briefly reviewed. The theory Is exactly as 
presented In reference 9 and only enough will be 
repeated to establish the necessary noaenclature and 
provide tha groundwork (or definitions of optlaua 
lapedance and cut-off ratio. 

Tha geoaetry and steady flow profile considered 
here are as shown In figure 1. The duct Is circu- 
lar, with no splitter rings or hub. The boundary- 
layer velocity profile la linear near the wall and 
has a 1/7 power law dependence outside of this 
linear region. The steady flow Is assuaed to be 
unlfom In the central region of tha duct outside of 
the boundary layer. 

Solutions are of the fora. 


Tha daaplng and propagatlor. coefficients (o, t) are 
related to the radial eigenvalues (a) by. 


-IM n^l-d-M^Ho/wr,)^ 

0 ♦ it - j-2 (7) 

‘-“o 

Note that tha quantltlea K, n, t, and a should 
all have a double subscript (a,p) to denote the 
lobe nuaber and radial aode nuaber under considera- 
tion. This subscript has been deleted here for 
brevity. 

OptlaM Wall lapedance and Maxlaua Attenuation 

Figure 2 shows a set of equal attenuation (o) 
and propagation coafflclent (t) contours on the wall 
lapedance plane which are used aa an llluatratlon 
to define the optlwua lapedance for a particular 
aode (a ■ 7, least attenuated radial). As the damp- 
ing Is Incraased the constant o contours arc seen 
to be reduced in sirs. In the Halt aa the closed 
contour shrinks In sixe, the optlaua lapedance la 
reached. If the daaplng Is inersasad further the 
0 contours \ra no longer closed contours In the 
lapedance re tlon just discussed but instead are 
just off optlaua contours for the next higher radial 
aode. The results reported here thus provlle the 
aaxlaua possible daaplng for the particular mode 
under consideration. 

Tha results reported In reference 9 were ob- 
tained froB plots such as shown In figure 2. The 
results of this papei ware obtained by a coapiter 
optlaliatlon routine which defined the optlaua izu- 
pedance by 


where 


_ , . lut-la9-lkKx 

P ■ p(r)e 


( 1 ) 


Is tha spinning aode lobe niasber and 



( 8 ) 


K - T - lo - - 1(0 ♦ It) (2) 

Is a part of the coaplex wave nuaber which dater- 
alncs the aode daaplng through o aiui tha axial 
phase velocity through t. In the central uniform 
flow region closed fora solutions exist for p(r) 
as. 


p(r) - Ja 



(3) 


These solutions are coupled at the outer edge of the 
boundary layer to tha Runge-Kutta Integration neces- 
sary In the nonunlfora flow region. Finally, using 
tho nuaerlcal rasulta at the wall, the wall specific 
acouatlc lapedance Is calculated >roa. 


C 


9 + lx 


d£ 

J 


C-1 


( 4 ) 


where 


t • r/r^ (5) 

and the frequency parameter Is defined as. 


and 



at tha optlaua lapedance. The subscripts In equa- 
tions (7) and (8) Indicate the quantity which Is 
held constsnt. Nuaerlcsl partlsl derivatives were 
required due to the nuaerlcal Runge-Kutta Integra- 
tion .equlred In the boundary layer. Other aathe- 
aatlcal definitions of the optlaua lapedance are 
'vallable (rafarances 10 and 11) but equations (8) 
snd (9) provide an efficient routine for the cal- 
culation procedure used here. Except for the use 
of equations (8) and (9) to define tha optlaua la- 
pedance In the coaputar search routine, the calcu- 
lation procadure Is exactly as In rsfsrance 9. 

Mode Cut-Off Ratio 

Equation (7) can be used to define the cut-off 
ratio. This Is quits simple for hard-walled ducts 
where the radial eigenvalue a la real. When the 
second teem In the radical of equation (7) exceeds 
unity this tera contributes to tha damping (o) In- 
stead of to the propagation coefficient (t) and the 
aode Is cut-off. The cut-off ratio can thus be 
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defined as. 



where K|{^' la the aude eigenvalue for hardwalls. 
Equation (10) eapreases the eaae cut-off ratio con- 
cept aa In reference 12. When g||u > 1 the aode 
propagates, when d ^ 1 the aode la cut-off and 
attenuates. 

For soft balls where a Is coaiplex (a • Rc^^) 
tha Bodes always danp and there Is no precise cut- 
off point. Perhaps a alnlaiua acoustic power trans- 
fer or group velocity definition night be used but 
these result In conpllcatsd expressions. A slaplc 
definition Is usad here as, 

6 ■ ( 11 ) 

for which when R ■ 1 the real part of the radical 
In equation (7) la zero. This rcducas to aqua- 
tion (10) for hardwalls and gives results vary ala- 
llar to equation (10) for soft-walls near the optl- 
nun iapcdance since (for *. ><ven node) R^pt > Rhw 
but cos 2Ropt * 

FartlcH directivity pattern relation to cut- 
off ratio . - A useful relationship can be estab- 
lished between the frn far-fleld directivity pattern 
and the duct aode cut-off ratio. It has bsen shown 
(refs. 13 and 14, for example) that the peak In the 
far field directivity pattern (occurring at angle 
*a) la related to the duct node eigenvalue by, 

-r ■ Sw 

For hard walls and zero Hach nuabzr, equations (6) 
and (10) can be used in equation (12) to obtain, 

sin ^ (13) 

"hw 

Thus nearly cut-off aodes (B % 1) radiate predomi- 
nantly at 90 degrees from the Inlet axis while well 
propagating aodes (B^y large) radiate nearer to the 
axis. 


Results ot Calculations 


In this section the main conclusions drawn 
froB this study will be Illustrated by aeans of 
several sample calculations using the procedures of 
the previous section. In the next section a cor- 
relating equation will be given which allows ap- 
proximate reproduction of the results without the 
nacesslty of these time comsumlng complete calcula- 
tion procedures. 

Sample calculations made for the conditions In 
an Inlet suppressor test^id with a Ger.eral Electric 
TF-34 engine arc shoan figure 3. The frequency 
was chosen at 2d90 Hz since this rep resented the 
frequency of peak attenuation observed In the ex- 
periment. The calculated optimum impedance points 
are shown as open symbols for the several modes 
considered. The filled symbol represents the estl- 


. -1 -iV 


Bated Impedance of the liner for the stated con- 
ditions. 

Three interestltg points can be seen froa fig- 
ure 3. First, slthough thsrs srs s multitude of 
aodes represented by the calculsted points, sll of 
tha optimum Impedances He along a coaaon curve. 

The position occupied along this roiawn curve will 
be shown to depend upon mode cut-off ratio. TWo 
coincident points have been singled out In the In- 
sert table. The property that these two modes have 
In common la the cut-off ratio. This dependence 
upon cut-off ratio will be shown later to be more 
general than Just for these calculation conditions. 
Tha second observation from figure 3 Is that the 
Impedance optima tend to cluster In the near cut-off 
range of the cut-off ratio. The density of the 
SK>dea near cut-off la even greater than appears In 
figure 3 since many of these modes have not been In- 
cluded In the calculations. Note In th. figure sym- 
bol legend that the modes have been selected In 
somewhat of a geor:clri.. progression of lobe number. 
This was aiao dont for the radial mode numbers to 
reduce the number of calculations required. The 
third observation to be noted from figure 3 is that 
the 'Estimated liner Impedance of this liner lies 
nearest the cluster of audes shown to be nearing 
cut-off. A very crude first approxlaatlon might be 
offered that the Impedance of a good performing 
uniform liner might be near the centroid of the 
collection of propagating mode optlmiai Impedances. 
This Is only a first approximation since each mode 
peak attenuation, off optimum performance, and 
acoustic power weighting mighr In general be ex- 
pected to be different. However, If anywhere near 
an equal power distribution among the modes might be 
expected, then It Is natural that the best liner 
would be located near the densest cluster of modr 
optima as shown In figure 3. In reference 13, a 
fairly convincing argument Is made that the modes 
are present with shout equal acoustic power In all 
of the propagating modes at least for static test 
Installations. Thus the TF-34 data point shown on 
figure 3 represents about the best reactance value 
for a uniform liner at this frequency. If the re- 
actance had been more negative (thinner liner), the 
well propagating modes would have damped better but 
damping of the near cut-off mode'^ woul'i have been 
decreased. A thicker liner (lens negative) would 
have damped the nearly cut-off mode', more but would 
have left a higher noise level In the well to SK>d- 
erately cut-on modes. 

A better liner than the single section liner of 
figure 3 might be composed of seversl sections each 
aimed at a range of cut-off ratio values. Figure 4 
shows the results of sample calculations and pro- 
posed multi-section liner Impedances for s Lycotilng 
YF-102 Inlet sssemblage which was designed to attack 
this rsnge of modes. Three boundsry layer thick- 
nesses are shown that approximate the range from the 
beginning to the end of the proposed acoustic treat- 
ment. Several spinning modes were considered; some 
are labeled to show the range of values. Note that 
the optimum Impedance of well-propagating modes 
((1,1) for exsmple) Is sensitive to boundary Isyer 
thickness while that of the nearly cut-off modes Is 
not (for example the (30,3) mode coincident for all 
th'.ee boundary layer thicknesses). This result 
would be expected when the direction of the wave 
fronts with respect to the velocity gradient la con- 
sidered (cut-off spinning mode wavefront motion Is 
transverse to velocity gradients). 
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Tha cylindrical aactlon wall lining lapadancaa 
arc ahown on flgura i, Tha thraa aaclloiia (uaad 
ona at a tlaa) at x ' ara daalgnad to attanu- 
aca aalnly tha aodac naar cuc-otf, Thaaa would 
hava the largaat back cavity depth of tha aactlona 
ahown. The ttra panela at x * *2 (Interaadlate 
back cavity depth) are dcalgned (or tha Intamadl- 
atc cut-off ratio Dodca. Tha thlnncat panel at 
X ~ -S la uaad to attenuate the wall propagating 
Bodca. The three panel approach whan uaad aa an 
aaaeably aay rcamabla what haa been called "phakad" 
or "aegBontad" creatBent. However, the raaaonlng 
(or thea« panel' aelactlona la quite alBple and doaa 
not dapand upon Boda conditioning or raflactlona, 
although auch Bachanlaaa aay poaalbla be preaent. 


Inator. Tha following aaaoclatad upraaalona ara 
required to evaluate aquation (14). 

r - 1 


T • c»n 


«I. 


1 - 


(«n)‘ 

a - (»nK)2 ♦ B^ 
' ■'0 


Tha Integral can ba aaclaated by. 


(15) 

(16» 

(17) 


In order to reduce the nolae at a particular 
frequency, all of the aodaa carrying acouatlc powar 
Buat ba attenuated. If only the aodea near cut-off 
ara attenuated, the well propagating aodaa would act 
aa a floor below which the nolae level could not be 
reduced. Hora of the aaae type of traataent would 
be inefficient alnce it doaa readily attanuata the 
reaMlnlng aodaa. 

The llnera deaigned for the naar-cut-off aodaa 
ahould provide quite large acouatlc power attanua- 
tlona aalnly toward the aidellne. Thla la expected 
alnce equation (11) ahowa that theae aodea radiate 
aalnly naar 90 degreaa. The Intermediate aode aec- 
tiona ahould provide aore modeat attenuatlona at 
intenaadiate anglea, while the well propagating 
aode liner will provide modest attenuation even 
nearer to the duct axle. 

The reaulta of some additional saaple calcula- 
tlona an ahown in figurea 5 and ahowlng optlaua 
raslatanca and reactance plotted againat aode cut- 
off ratio. These calculations were aade using the 
conditions in a scale Bodel of a QCSEE (Quiet, 

Clean, Short-haox ixpeciaenta '..iglne Program) low 
Hach nuBber inlet. Notice again In these two fig- 
ures that for constant frequency, Hach nuabar, and 
boundary layer thickness the cut-off ratio corre- 
lates the optlaua resistance and reactance for the 
entire range of propagating modes. Also the bound- 
ary layer haa a relatively large effect on the 
optlaua lapedance for aodes well above cutoff but 
not for the near cut-off modes. 


Correlating Equations 


A correlating equation was developed in ref- 
erence 9 which expressed tha effect of boundary 
layer refraction on the optlaun wall lapedance for 
spinning aodaa. This equation was developed start- 
ing froB the theory of reference 4. This correlat- 
ing equation was tested In reference 9 only for 
well propagating nodes (B >> 1). When the equation 
was checked against the results of this paper for 
nodes near cut-off (B % 1), the equation did not 
reproduce the results of the exact calculations. 

The equation was thus modified as follows to make 
It valid for modes with any cut-off ratio. 

The new correlating equation Is, 




(14) 


which differs from equation (26) of reference 9 
only in chat the factor A la inserted In the denon- 


I, % 1 + 7 V (M K)^ (18) 

‘ 7=1 (J+7) ° 

The optlaua wall lapedance without a boundary layer 
((o) fox use In aquation (14) can be estimated (ron 
the correlating aquations given In reference 15. 
Although tha dataralnatlon of the factor A was en- 
pirlcal It was not coaplately arbitrary In Its posi- 
tion In the equation. Since It waa known from ref- 
aranca 9 that equation (14) la valid (without A) for 
wall propagating aodea (large cut-off ratio B) It 
was desirable that A - 1 as B -» •. Also the exact 
calculations of this paper Indicate that the bound- 
ary layer has vary little refractive effect at cut- 
off alnca tha wave fronts are traveling transverse 
to the velocity gradients. Thus It la desirable 
that A - 0 aa B 1 and Chen C Co 
(t ■ o/ro ** 1). In keeping with the arguaents just 
made, it waa 1 /glcal to cry and correlate A with 
cut-off ratio. Thla was found Co produce a very 
good correlation with only a saall dependence on 
node nuaber beyond the cut-off ratio dependence. 


The factor A In equation (14) can be repre- 
sented as, 

A - |a|s*** (19) 

with 

-2 ,2 

IaI - 8 - - -- f (20) 

V(B^-5.66)^-*-3.31B^ Vb*-8B^*32 


and 


♦ 


A 


225B^ 

V(6*-3.6)*+3B^ 


( 21 ) 


with In degrees. The behavior of the functions 

|a| and 4g are shown In figure 7. For vary oBall 
values of B, |A|behaves as e^/hy/2, it peaks at 
(or B ■ 2v2, and then falls to unity at 
large B. Tha phaae, peaks at 160 degrees for 
B "VT and falls off rapidly (%B^ and l/B^) for 
cut-off ratios below and above thla value. There 
la a saall modal dependence to the value of A for 
which no atteapt was aada to acconaodate Intc the 
correlation. Thera la thus about a 110 percent 
acatter around the aean curves ahown In figure 7. 

The correlation for A represented by equations 
(16) and (17) and shown In figure 7 were generated 
by observing optlaua lapedance calculatlona for 
aany aodes. The lobe nuabers Included a • 1, 7, 
and 20 with radial aode nuabers p • 1, 2, 5, and 


0'!, ; V 
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10 for Mch value of a. Tho cut-off ratio* 
apannad a rant* froa 0.7 to t.i. Not* that for 
large 8, |a| ■* 1 and 8 a 0. Thua th* correla- 
tion given In reference 9 raaaln* valid for well 
propagating audaa. 

l.lner Dealgn Conelderatlona 

Froa th* dlecuaalon In the preceding eectlona 
a cut-off ratio dlatrlbutlon Bight aufflce In place 
nf a Bodal dlatrlbutlon In at leant part of th* 
liner dealgn procedure. Th* optlaua wall lapedanc* 
wa* ahown In figure* 3 to 6 to be deteralned by th* 
Bodal cut-off ratio alone rather Chan by the aodal 
nuBbera (■ and p). In addition, th* cut-off 
ratio dlatrlbutlon Bight be aatlBacad by the far- 
fleld radiation pattern through equation (13). 
However, no aenclon of expected attenuation haa yet 
been guide and Chla daaplng rat* will deteraln* the 
length of creataent required In any given applica- 
tion. In the following, dlacuaalon aoa* aapect* of 
attenuation rat* will be conaldered. 

Froa the approxlaat* equation* given In ref- 
erence 16, for aoderetc to well propagating aodea, 
the Bound attenuation can be eatlaaced by, 

^ ^ - V « am 2* ^ (22) 

where an average value of R aln 2$ % J waa uaed. 

Th* eigenvalue approxlaaclon* of reference IS were 
eaerclaed and th* quantity R aln 28 wa* found Co 
be fairly Inaenaltlve Co aodal lob* and radial aod* 
nuabera. With 1 .1 a .A 20 and 1 A. P ^ 10 th* 
range of R aln 28 wa* froa about 3 to S.S. Th* 
Inaenslclvlcy obaerved waa due to the fact Chat aa 
R Increaaea due to either Increaalng a or p, 

Chen 8 decreaaea alaoaC enough to counterbalance 
the R Increaac. If equation (22) were valid at 
all 6 value* then a quit* convenient alCuatlon 
would exlac. Not only Che optlaua wall lapedanc* 
but alao the aaxlaua poaalble daaplng (per L/D) 
would be uniquely deteralned by cut-off ratio. Un- 
fortunately thl* la not coaplctciy true. Very near 
cut-off (6 % I) there la an abrupt Increaae In the 
aodal attenuation for eapeclally th* higher order 
aodea which can be aeen froa figure S of reference 
16. Again ualng the .eaulta of reference 16 th* 
attenuation at cut-off can be approxlaated by. 


reference IS will be uaed to handle the off-optlaua 
aodea which will allow th* rapid eatlaatlon of 
atcenuatlona without th* need of th* nuaerlcal In- 
tegration required for an exact aound propagation 
calculation with boundary layer*. Thla approxlaat* 
equation technique can be caac In cera* of cut-off 
ratio alnca th* only Input* required are the optlaua 
lapedanc* (alaoat exactly a function of cut-off 
ratio) and th* aaxlata poaalble attenuation (approx- 
laately a function of cut-off ratio). 

On* final liner dealgn conalderaclon la 
offered. Recall that th* proponed llnera ahown In 
figure 8 were Intended to daap th* near cut-off, 
Interaedlata, and wall propagating aodea at x * ~li 
-2, and -S raapectlvely for th* blade paaaag* fre- 
quency only. Th* x * ■ relatively thick 

liner while th* X * liner ha* a quit* thin back 
cavity. An efficient overall liner would have the 
liner aectlona coaproalaed aoaewhat to do double or 
even triple duty. For exaaple, th* x * liner 
aectlon could daap well-propagating aodea at the 
blade paaaag* frequency, Interaedlat* aodea at the 
aecond haraonlc and near cut-off aodea at the third 
harmonic frequency. 

Concluding Reaark* 

Saapl* calculation* were preaanted ahowlng the 
optlaua lapedanc* for a wide range of aplnnlng aodea 
propagating in a cylindrical duct with a aheared 
flow. Mode* were conaldered froa well propagating 
to cut-off. Th* key reault wa* that for a given 
frequency, Mach nuaber, boundary layer thlckneaa, 
and geoaetry (which would be normally known Input,.) 
th* optlata lapedanc* and aiaxlaua poaalble attenua- 
tion arc uniquely defined by the aodal cut-off ratio 
a* an alternate to actual aodea (Indlcec a and 
p). Many mode* guy axlat which have the aaae optl- 
aua lapedanc* and daaplng provided they have the 
aaae cut-off ratio. It 1* auapected Chat aodea of 
equal cut-off ratio have the aaae effective angle of 
Incidence on the liner wall. 

The reaulta of the calculation* were uaed to 
generate a correlation equation for the aplnnlng 
aode optlaua wall Impedance. Thla correlation will 
allow the rapid calculation of optlaua Impedance In 
a duct with ehearad flow without the nuaerlcal In- 
tegration uaually required. 


^ k -6.7^ Ry^aln 28 (23) 

Thla equation doea not have the coapenaatlng effect* 
(aa did equation (22)) between R and 8* Again 
fo r 1 .g. a A 20 and 1 .A p A. 10, th* quantity 
RV aln 28 varlea between 3.S and 21 and thu* equa- 
tion (23) muac be considered aa a function of th* 
aode nuabera. Thla aodal dependence can probably 
be Ignored as a first tatioate at least, since It 
occurs only very near to cut-off. The damping cal- 
culated froa equation (22) at 8*1 will be less 
than the actual damping from equation (23) so a 
conservative design should result froa thla approx- 
laat 1' . 1 . 

Another attenuation consideration oust be 
realized. Any given wall material Is optlaua only 
at one aodal cut-off ratio. This cut-off ratio may 
Include several aodea which would be at their optl- 
aua but a multitude of other aodea would be off- 
optlaua. The approximate equation technique of 






An ecoustlc liner dealgn procedure wa* outlined 
which allows th* clrcuoventlng of the knowledge of 
the actual modal dlatrlbutlon. Th* cut-off ratio 
dlatrlbutlon can be aatlaated froa far-fleld direc- 
tivity patterns and the liner can then be designed 
at least approxlaataly froa this cut-off ratio in- 
formation. This should be especially useful for 
liners designed for flight testa where experience la 
limited and aodal aeasureaent oay b. Isprartical. 

References 


1. Prldaore- Brown, D. C., "Sound Propagation In a 

Fluid Flowing Through an Attenuating Duct," 
Jour nal of Fluid Mechanics, Vol. 8, Aug. 19SR, 
pp. *<83-806. 

2. Mungur, P. and Plmblea, H. E. , "Propagation and 

Attenuation of Sound In a Soft-Walled Annular 
Duct Containing a Sheared Flow," Basic Aero- 
dvnoalc Noise Research, SP-207, 1969, NASA 
pp. 305-327. 


5 



3. Ko, S. H., "Sound Attanuatlon In Acouatlcally 

Llnad Circular UucCa In the Preaanca of Uni- 
form Plow and Shaar Plow," Journal of Sound 
and Vibration . Vol. 22, Hay 1972, pp. 193-210. 

4. Evaraaan, W. and Beckaarvar, R. J., Tranaaila- 

alim uf Sound In Ducta with Thin Shaar Layara- 
Cunvarganra Co tha I'nlfora Flow Caaa," Tha 
Journal o f tha Acouatlca l S uclaty of Awarlca , 
Vol. 52. July 1972, pp. 2~16-220. 

5. Nayfah, A. H., Kalaer, J. E., and Shakar, B. S., 

"Effect of Mrtii.-Valoclcy Profile Shapaa on 
Sound Tranaalaalun Through Two-Dlaanalonal 
Ducta," Journal of Sound and Vibration , 

Vol. 34, luna 1974, pp. 413-423. 

6. Yurkovlch, R. N., "AtCanuaClon of Acouatlc 

Hodaa In Circular and Annular Ducta In tha 
Praaanca of Shaarad Flow," AIAA Papar 75-131, 
1975, Pakadana, Calif. 

7. Nayfah, A. H. , Kalaar, J. E., and Tallonla, 

D. P., "The Acouatica of Aircraft Engine-Duct 
Syataaia," AIAA Paper 73-1153, 1973, Montreal, 
Canada. 

8. Schauer, J. J. and Hoffman, E. P., "Optimum 

Duct Wall Impadance-Shear Sanaltlvlty," AIAA 
Paper 75-129, 1975, Paaadena, Calif. 

9. Rice, E. J., "Spinning Node Sound Propagation In 

Ducta with Acouatlc Treatment and Shaarad 
Flow," AIAA Paper 75-519, l975, Hampton, Va.j 
alao NASA TM X-71ft72. 

10. Teater, b. J., "The Optimization of Nodal Sound 

otcenuarlon In Ducts, In the Abaence of Mean 
Flow," Journal of Sound and Vibration . 

Vol. 27, Apr. 1973, pp. 477-513. 

11. Zorumskl, W. E. , and Maaon, J. P., "Multiple 

Eigenvalues of Sound-Absorbing Circular and 
Annular Ducts," Journal of the Acouatlcal 
Soclaty of America , Vol. 55, June 1974, 
pp. 1158-1165. 

12. Sofrln, T. C. , and McCann, J. F., "Pratt and 

Whitney Experience In Compresaor-Nolaa Reduc- 
tion," Preprint 2D2, Nov. 19*5, Acoust. Soc. 
Am., Lob Angeles, Calif. 

13. Saule, A. V., "Modal Structure Inferred from 

Static Fat-Field Noise Directivity," AIAA 
Paper 76-574, 1976, Palo Alto, Calif.; also 
TM X-71709. 

14. Homlcz, G. F. , and Lordl, J. A., "A Note on the 

Radiative Directivity Patterns of Duct Acous- 
tic Modes," Journal of Sound and Vibration , 
Vol. 43, Dec. 1975, pp, 283-290. 

15. Rice, E. J., "Attenuation of Sound In Ducts 

with Acoustic Treatment - A Generalized 
Approximate Equation," TM X-71830, 1975, NASA. 

16. Rice, E. J., "Spinning Mode Sound Propagetlon 

In Ducts with Acoustic Treatment," 88th 
Acoustical Society of America Meeting, Nov. 
1974, St. Louis, HO; also TM X-71613 and 
TN D-7913, 1975, NASA. 




> 


6 





BOUNDARY 



u/Q iDNViSisaaaBznvwBON 


Figure 4 - Liner impedance optima for condition'’, in 

Figure 3 . - Example higher order spinning mode optimum yf 102 inlet, blade passage frequency, 

impedance locus. 
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Figure 5. - Optimum iiner resistance related to mode cut-off ratio 
for a QCSEE inlet, frequency 1000 Hz. frequency parameter 
r, 17-4.85. 
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Figure 6. - Optimum iiner reactance reiated to mode cut-off ratio 
for a QCSEE inlet, frequency 1000 Hz, frequency parameter 
T? -4.85. 



